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3 An Introduction to Communication Systems Over

Discrete Memoryless Channel (DMC)
Be‘Fcrc.; No considevation of e claninel Now: 1—-7 lo vepresent e vert of the $Ys.
In this section, we keep our analysis of the communication system simple @2 @~

by considering purely digital systems. To do this, weaSstuie allffion=source: eVl
can becombined <"/

into an (fequivalent)elammelyy which we shall simply refer to in this section

as the “channel”.

3.1 Discrete Memoryless Channel (DMC) Models

Example 3.1. The binary symmetric channel (BSC), which is the
simplest model of a channel with errors, is shown in Figure [4.
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Figure 4: Binary symmetric channel and its channel diagram

e “Binary” means that the there are two possible values for the input and
also two possible values for the output. We normally use the symbols
0 and 1 to represent these two values.

e Passing through this channel, the input symbols are jcomplemented
with probability p.
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Ex: BSC

>> BSC_demo

ans —

ans —

%% Simulation parameters
% The_number of symbols to be transmitted
n=1i"

% Chdnnel Input
S X=[01]; s Y= [01];
p X = [0.3 0.7];
% Channel Characteristics

p=20.1; Q= [1-p p; p 1l-p];
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Elapsed time is 0.134992 seconds.
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Ex: BSC

>> BSC_demo
pX=

0.3000 0.7000
p_X_sim =

0.3037 0.6963
q p—

0.3400 0.6600
g_sim =

0.3407 0.6593

Elapsed time is 0.922728 seconds.

%% Simulation parameters

% The number of symbols to be transmitted

FC
% Channel Input

\

s
p X = [0.3 0.7];
P

(2::
0.9000 0.1000
0.1000 0.9000

(2 Sim_=

0.9078 0.0922
0.0934 0.9066

PE sim =
0.0930

PE_theretical =
0.1000

X = [0 1]; s Y = [0 1];

X
% Channel Characteristics
= 0.1y Q = [1-p p; p 1-pl;
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e It is simple, yet it captures most of the complexity of the general prob-

lem.
ene roul

Definition 3.2. Our model for discrete memoryless channel (DMC) is shown

in Figure [3] ~
X{)Q(ﬂx))—w Bsc
P[x=0] = plo

Figure 5: Discrete memoryless channel PLX = 1:' = plV)

R = [r(o) PUJ}

e The channel input is denoted by a random variable X.

o The pmf px(x) is usually denoted by simply p(z) and usually ex-

pressed in the form of a row vector'p or . BSC
o The support Sx is often denoted by X. PLY=0]= qelo)
PLY = 1] = a5tv

e Similarly, the channel output is denoted by a random variable Y.
% =[xl ]
o The pmf py(y) is usually denoted by simply ¢(y) and usually ex-

pressed in the form of a row vector g.
o The support Sy is often denoted by ).
e The channel corrupts its input X in such a way that when the input
is X = x, its output Y is randomly selected from the conditional pmf
). =P|Ys= X=ewe| =
pyix(ylT) [ 7] ] O(yln.p)_—_ chammel Frostion probubility
o This conditional pmf py x(y|z) is usually denoted by Q(y|z) and
usually expressed in the form of a probability transition matrix Q:

Y
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Chernnel wmatrix ' ’ K )

p(AnB) _ PLX=<,¥=y]
Ple) P[x=w]

25



o The channel is called memoryless’] because its channel output at a
given time is a function of the channel input at that time and is
not a function of previous channel inputs.

o Here, the transition probabilities are assumed constant. However,
in many commonly encountered situations, the transition probabil-
ities are time varying. An example is the wireless mobile channel
in which the transmitter-receiver distance is changing with time.

Example 3.3. For a binary symmetric channel (BSC) defined in [3.1]
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Example 3.4. Suppose, for a DMC, we have X = {xj,20} and Y =
{y1, Y2, y3}. Then, its probabﬂlty transmon matrix Q is of the form

Q @1! 41 962-) (y IQ)
?J?J o)
You may wonder how this Q happens in real life. Let’s suppose that the
input to the channel is binary; hence, X = {0, 1} as in the BSC. However, in
this case, after passing through the channel, some bits can be losﬂ (rather
than corrupted). In such case, we have three possible outputs of the channel:
0, 1, e where the “e” represents the case in which the bit is erased by the
channel.

9Mathematically, the condition that the channel is memoryless may be expressed as [10, Eq. 6.5-1 p.
355]

n

Pxn|yp (2t]y) = H (Yk |2k )
k=1

10The receiver knows which bits have been erased.
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3.5. Knowing the input probabilities p and the channel probability transi-
tion matrix Q, we can calculate the output probabilities q from

q=rQ.

To see this, recall the total probability theorem: If a (finite or in-
finitely) countable collection of events { By, Bs, ...} is a partition of £2, then

- Z P(ANB)) = Z P(A|B;)P(B;). (5)

PLAY = PLANB,) +P(ANB,) + PLANB,) + p(AN B, )

=P(AIB) PR TPLAIB)FPLB,) + PLAIB,) PBy)
+r(AI1B,)PLE,)

P(AIB) = RLANS

PLBD
. L L A&‘FEH‘"’:O’\.
For us, event A is the event [V y]. Kpplymg this theorem to our
variables, we get

q(y)zP[Yzy]ZZP[sz,Yzy]

=Y pPy _y|X—:c P[X =] = Zlex

This is exactly the same as the matrix multiplication calculation performed
to find each element of g.

Example 3.6. For a binary symmetric channel (BSC) defined in

A Ane‘l A I\G
O o =P (o] P[Y‘:D] = P["f O K= 01 ¥ P[T o X"'"l__]
AR, Al HP(B,) P(AIB,) PLAL)
Te otol protet7 PLAIED 22
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- =P[¥=o|x=e] rlx=e] + P[¥=0|x=1]P[x=1]
=(-r)plo) r P PO =[plo F“J] [1—"’
P

Try this @ home

PLY=1] = pxplo) + (1-p) PU) [f""’ P‘”][

g = Lw °sw] ):D 'L, )

- P—O' nlo &cl
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3.7. Recall, from ECS315, that there is another matrix called the joint
probability matrix P. This is the matrix whose elements give the joint
probabilities Pxy(z,y) = P[X =z,Y =y|:

Y

P= x| - . ..
Recall also that we can get p(z) by adding the elements of P in the row
corresponding to z. Similarly, we can get ¢(y) by adding the elements of P
in the column corresponding to y.

By definition, the relationship between the conditional probability Q(y|z)
and the joint probability Pxy(z,y) is

o) = Pxy(z,y)
Q(y|) o)

Equivalently,
Pxy(xz,y) = p(x)Q(y|z).

Therefore, to get the matrix P from matrix Q, we need to multiply each
row of Q by the corresponding p(z). This could be done easily in MATLAB
by first constructing a diagonal matrix from the elements in p and then
multiply this to the matrix Q: -

Example 3.8. Binary Agsymmetric Channel (BAC): Consider a bi-
nary input-output channel whose matrix of transition probabilities is

Noo 1
©1 0.7 0.3
Q= [0.4 0.6]
0.7
o (e ]

(a) Draw the channel diagram. o oo

{' x=0]=P[x=1]=0.5 o ! . X0, 4 1)
(b) If the two inputs are equally hkely, find the corresponding output prob-

abilities and the joint probability matrix P for this Channel\.z
< o 1

, x plo)
[16, Ex. 11.3] for 087 G e % . o2]07F ous
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= [0.55' D.‘(C,'] 0.55 0.5
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